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Multiplicative structure of Adams SS

Definition

M,N,P are R-modules, C,,D, are projective resolution of M,N. For

[a] € Extzt (M, N), [8] € Exti" (N, P), we can represent them by

Cs — XtN,D, — XVP. Then we can define [3][o] € Exty *"(M, P) by
YiBoa: Coyy — LFTVP. It can be represent by the following diagram:

Csew > - CS-H -~ Cs =

J VO
SDu— - - - DI
J'p

—t
b VP

Figure: multi. diagram
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Multiplicative structure of Adams SS

This multiplicative satisfy:
o di(afB) =d(a)B + (—1)*Tad,(B)
@ The multiplicative structure on E,; is induced by that on E,
@ The multiplicative structure on E,, corresponds to the multiplicative

structure on m,(X) (need X is a ring spectrum)
Proof
Ref to Section 2.3 of Green Book
(Basic idea: Consider the product of two (minimal) resolution.
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Calculation of E, page

To calculate the E, page of (classical) Adams SS, We have the following
methods:

@ Minimal resolution.
e May SS
o Lambda algebra
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Minimal resolution

Steps of calculating minimal resolution: Additive structure

...... —>82—>81%B():A2—>Z2 (1)

2k—1

@ Find kernel of Ay — Zy:ax = Sq
o Generate B; by «; freely (as Aymod)
e Find ker(B; — Bp): the generator of "relation”
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Minimal resolution
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Figure: Table of generators & relations
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Minimal resolution

Deg | Generators Relations

2 Bi

3 Sq' B =0

4 Ba. Sq° B

5 Bs. Sq° B, Sq' B2 |Sq*Sq' Bi =0

6 Sq* Bi. Sq' Bs Sq” B2 = Sq* B1 + Sq' Bs.

Sq°Sq' B1 =0

7 |Sq B, S Bs, Sq’ B2 = Sq B1, Sq*Sq' 1 = 0
Sq*Sq' B2

8 |Ba. Sq° B, Sq* B2 |Sq”Sq' B3 = Sq’ Sq' B + Sq° B1,
Sq* Sq° B1. Sq°Sq' B1 =0
Sq’ Sq' Ba,

_Sa'ps

9 Bs. Sq B, Sq’ B1 = Sq° Sq' Bs.
Sq° Sq° B1. Sq° B, = Sq* Sq' 4o,

Sq® B2. Sq” Ba,

Sq*Sq%Sq' B1 =0,
Sq°Sq' B =0

Figure: ker(By — Bp), low deg part
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Minimal resolution

We can write these steps as pseudocode:
o K g~ du L= Shif )
T Qenertor , with Hheir dogree ol roletin 't reprscted i previos B
Rolation =€ J.
for dag invengeclian)  (or any .‘mjw[ ou wwﬁvrﬁ;r)
# Goerrte oll af e posible goneotor Uin 2o mad stc)

/’wsgsmjemws S srconge s b o] deg
Ut weiverse] cituoton, we (it reeo 0 basis of Zo-rel
7’" oy i oid ke § J ”tg,,mq)

Jor CodwmiscHe se[) i (M(ws{b/z <ol uf(iﬁf @/))

Rscible. gererotors pifml (ndmisciile gk %
4 Generse all of Ahe possible veletion
Carerotoes =L Audble Relatins =]
for PO in Belle gerentors
Tf PGt [ e with Conartrs (e b Gy o))
Puibe pelotone sgpend ( the g of get Plfrm Gowones —P5)
Else, Ganestoes. spppnel(P6)
H et ol of He vebren
For PR in Pustble Relutions
Lf PR vt fhewr dpdoce. with Relabins Gk b (o g ok )
e ot epperd (R,
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Minimal resolution

Steps of calculating minimal resolution: Multi. structure:
Follow the definition of multi. structure, we get a diagram:

Bi > Sq' .

B2+ Sq? a2 + S’ o,

Bz + Sq*Sq' @ + Sq' a3 + Sq* .,

Bs— Sq* a3 + Sq” @1 + Sq° @,

Bs — Sq*Sq' @3 + Sq' a4 + Sq® ) + Sq” @2,

Bs — Sq” s + Sq* Sq* a3 + Sq* @ + Sq” Sq ey

Figure: multi. diagram
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Minimal resolution

fi:B1 — By f2: By — By f3:Bs — By f1:By — Bs
a1 B — ‘,1’—'31 0 Lndie ]
az— 0 By > Sq' aa Y2 = B2 0z 73
az— 0 B3 — as 3 — Bs + Sq* B4
ag—0 81— Sq® as Y4+ Sq' Bs + Sa® B1 + Sq® A
as — 0 Bs — ay 75 — Sq’ Bs

Be — Sq7u2

Figure: Table of multi. a;(ho)
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Minimal resolution

4 8 12 16 20 24t—s

FIGURE 1.9. Indecomposables in Ext';“t(]Fz,]Fz) for0<t—s<24

Figure: E; page of Adams SS, 0 <t —s <24
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Minimal resolution

What's more, we can define Steenrod operation
Sq' 1 ExtS(H*(X),Z) — Ext5 " (H*(X), Z) (2)

on E; page. It can be defined as follow:

A little more generally, there are Steenrod operations
Sq': Extt(L,Fa) — Ext? (L, Fy)

for any cocommutative I-module coalgebra L. Let C, — L be a free I''module
resolution, and let A: W, ® C, — C, ® C, be a ¥s-equivariant map of I'-module
complexes covering the coproduct ¥: L — L ® L. For each cocycle z: Cy — N'Fy
the composite

Cosi =TFo{ei} ® Cosy CW; ® Oy C (W, ®Cl)as
L5 (Ch ® Cl)as 223 SR, @ DF, = N2,

Figure: Definition of Steenrod operation on Ext
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Minimal resolution

if X is a Hyo ring spectrum. Then there is a relation between differential
and Steenrod operation:

DEFINITION 11.21. Let A € Ey', By € Ejt "1 and B, € gyttt
be classes in a spectral sequence with differentials d,: E$* — Estmt+7=1 The
notation

du(A) = By + By
means that d,.(A) =0 for 2 <7 < min{ry, r2}, while

dr (A) =B, if ry < 1o,
d(A)=B1+ By ifry=r=ry, and
dy,(A) =By if rp > ro.

THEOREM 11.22 ([45] Thm. VL.1.1 and VL.1.2]). Let E}*(Y) be the mod 2
Adams spectral sequence for an Hu ring spectrum Y, and let x € E;"L(Y) be an
element that survives to the E,.-term, where v > 2. Let 0 < i < s, and let v =
v(t —1i), a=a(t —i) and a be as just defined. Then

0 ifo>s—i+1,
d.(Sq¢'(x)) = Sq"" Y do () + { aad,(x) ifv=s—i+1,
aSq*(x) ifv=s—iorv<min{s—i,10}.

Figure: Relation between Steenrod operation and differential
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Basic information

Ext3'(H*(X), Z) = Ext3! " (2, Ho(X)) (3)

A. = P(&i, &2, ... ) where |£,] =2" — 1, and the coproduct on A, is given
by

Aen= Y &,0¢ (4)

0<i<n
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Basic information

To calculate this Ext, we can construct cobar complex as the A, injective
comodule resolution:

3.1.2. PROPOSITION. The Es-term for the classical Adams spectral sequence for
T.(X) is the cohomology of the cobar complex C% _(H.(X)) defined by

Oy (Ho(X) =A@ @ A, @ H(X)

(with s tensor factors of Ay). Fora; € Ax and v € H.(X), the element a1®- - - a;@x
will be denoted by [ar]as|---|ag)z. The coboundary operator dy: C4 (H.(X)) —

CPU(HL(X)) is given by
difar] -+ JasJe = [Lar] -+ JagJe + > (=1)[ar] -+ ag-alaflafaisa] -+ o]z
i=1

+ (1) fay] - a2,

where Aa; = a} @ ol and Y(z) =2’ @ 2" € A, @ H,(X). [A priori this expression
lies in APt @ H,(X). The diligent reader can verify that it actually lies in
AP @ H.(X).] O

Figure: Definition of cobar complex, and its relation to Adams SS
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For p=2,

E°A, = E(&,:i>0,j>0) ()

with coproduct
A =o<k<i Si—kjrk ® &k (6)

where & =1 and &;; is the projection of 5/21

Theorem

For p=2, Extgoy (Za,7Z3) is the cohomology of the complex
V** = P(hjj:i>0,j>0) (7)

with d;; = Zo<k<i hi jhi—k j+k, where h;; € V122 -1)i corresponds to

&ij € As

v
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There is a spectral sequence converging to

Extz*: (Z2, ZQ) (8)

with V** = E;** and d, : EStE Ers+1,t,u+1_r

Pf: Green book
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3.2.8. LEMMA. In the range t—s < 13 the Eo-term for the May spectral sequence
(3.2.3) has generators

1,291
hj=hy; € B,

b 2,2911(21-1),2¢
bij = hf‘,y € E; ( ) Y

and

x7 = haohoy + hi1hgo € E;‘QA

with relations
hjhj =0,

habag = hox7,
and
hoxy = hobay. [}

Figure: E; page of May SS
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lambda algebra

More precisely, A is a bigraded Z/(2)-algebra with generators A, € AL+
(n > 0) and relations

il
(3.3.1) Adaigrin =3 (” J )AM,,AZMM fori,n >0
=0 J
with differential
n—j
(33.2) AA) =3 ( '])/\"71)\,4'
SN

Note that d behaves formally like left multiplication by A_;.

Jor 1 <r <s. A(n) C A is the subcomplex spanned by the admissible monomials
with iy < n.

3.3.3. DEFINITION. A monomial A\, Ai, -+ X;, € A is admissible if 2i, > i,y

The following is an easy consequence of 3.3.1 and 3.3.2.

3.3.4. PROPOSITION.
(a) The admissible monomials constitute an additive basis for A.
(b) There are short ezact sequences of complexes

0= A(n) = A(n+1) = S"A(2n +1) - 0. m]
The significant property of A is the following.

3.3.5. TuEorREM (Bousfield et al. [2]). (a) H(A) = Exta (Z/(2),2/(2)), the
cal Adams Ey-term for the sphere.

(b) H(A(n)) is the Ex-term of a spectral sequence converging to m.(S™).

(¢) The long exact sequence in cohomology (3.3.6) given by 3.3.4(b) corresponds
to the EHP sequence, i.c., to the long ezact sequence of homotopy groups of the
fiber sequence (at the prime 2)

5" 5 QS 5 QS (see 15.1) 0

clas.

Figure: Def. of lambda algebra
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Davis Mahowald SS

Zhonglin Wu

PROPOSITION 2.3. Suppo:
for o >0, and an ezxa

e that we have chosen a sequence of T'-modules Ny,
t chain complex

BT RNy TN N, 25 T/A® Ny~ k — 0

of T-modules with diagonal T'-action. Then there is a strongly convergent trigraded
spectral sequence

E7* = Ext) 7' (N, @ M, k) =, Exty' (M, k).
The d,.-differentials have (o, s,t)-tridegree (r,1,0) and there are isomorphisms
B3 = F7Ext™ (M)/F7+ Ext™ (M)

for all o, s and t, where {F° Ext™ (M)}, is a finite and ezhaustive filtration of
Ext™ (M) = Ext}' (M, k).

Figure: Davis Mahowald SS
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Calculating the differential

Target=0

drod, =0

dr(xy) = dr(x)y + xd:(y)
Hurewicz map(e.g. S — tmf)

Steenrod operation
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Calculating the differential

Figure: Ep page of tmf
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The End
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